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We revisit the properties of the two-component Fermi gas with short-range interactions in three
dimensions, in the limit where the s-wave scattering length diverges. Such a unitary Fermi gas pos-
sesses universal thermodynamic and dynamical observables that are independent of any interaction
length scale. Focusing on trapped systems of N fermions, where N ≤ 10, we investigate how well
we can determine the zero-temperature behavior of the many-body system from published few-body
data on the ground-state energy and the contact. For the unpolarized case, we find that the Bertsch
parameters extracted from trapped few-body systems all lie within 15% of the established value.
Furthermore, the few-body values for the contact are well within the range of values determined in
the literature for the many-body system. In the limit of large spin polarization, we obtain a similar
accuracy for the polaron energy, and we estimate the polaron’s effective mass from the dependence
of its energy on N . We also compute an upper bound for the squared wave-function overlap between
the unitary Fermi system and the non-interacting ground state, both for the trapped and uniform
cases. This allows us to prove that the trapped unpolarized ground state at unitarity has zero
overlap with its non-interacting counterpart in the many-body limit N →∞.
I. INTRODUCTION
Dilute gases of fermions with short-range interactions
and diverging scattering lengths are of relevance to neu-
tron stars, ultracold atomic gases, and possibly even to
unconventional superconductors in the solid state [1, 2].
Of particular interest is the two-component (↑, ↓) Fermi
system, which has been shown to be stable in the unitar-
ity limit where the s-wave scattering length a→ ±∞ [3–
5]. In this case, there is no interaction length scale at low
energies, and the unitary Fermi gas displays a universal
equation of state that only depends on the particle den-
sity, the spin polarization, and the temperature [6–10].
Moreover, the system is spatially scale invariant, which
results in universal properties such as a vanishing bulk
viscosity [11–13].
Despite its symmetry properties, the unitary many-
body system is notoriously difficult to treat theoretically,
since there is no small interaction parameter. Thus, a
variety of sophisticated numerical methods have been
used to attack the problem. The ground-state and finite-
temperature thermodynamics of the unpolarized gas have
been investigated using pairing fluctuations approaches,
density-functional theory, and various types of quantum
Monte Carlo (QMC) [14–17]. In the limit of large spin
imbalance, where the system is well described by Fermi
liquid theory, successful theoretical approaches include
fixed-node and diagrammatic QMC, variational wave
functions, and ladder diagrams [18, 19].
Given that the unitary Fermi gas lacks a small inter-
action parameter, it is of interest to consider other per-
turbative approaches. A prominent example is the virial
expansion, which is applicable in the regime where the
system’s temperature T is far above quantum degeneracy.
Taking advantage of the fact that the fugacity z = eµ/kBT
is small in this limit, the entire thermodynamics may be
determined from an expansion of the thermodynamic po-
tential
Ω = −kBT 2V
λ3
∑
N≥1
bNz
N .
Here, V is the volume, kB the Boltzmann constant, λ the
thermal wavelength, and µ the chemical potential, where
we have considered the unpolarized system for concrete-
ness. Crucially, the thermodynamic potential depends
only on few-body correlations through the virial coeffi-
cients bN [20–23], which are completely determined from
the energy spectrum ofN particles. Recent cold-atom ex-
periments on the thermodynamics of the unitary Fermi
gas [9, 24] have observed very good agreement with the
results from the virial expansion, even for a weakly de-
generate gas. For a review of the virial expansion, we
refer the reader to Ref. [25].
In this paper, we consider the opposite limit and ask
whether few-body physics can also be used to gain insight
into the behavior of a strongly interacting unitary Fermi
gas at zero temperature. Our approach is particularly
motivated by recent work on the harmonically trapped
one-dimensional Fermi gas. Here, the Heidelberg experi-
ment led by S. Jochim explored the evolution from few- to
many-body physics using a single ↓ impurity atom repul-
sively interacting with N↑ spin-↑ fermions, where N↑ was
increased from 1 to 5 [26]. In this few-body system, they
observed a fast convergence of the interaction energy to-
wards the expected many-body result [27]. Subsequently,
it has been predicted that both the energy and contact of
a spin-balanced gas in a one-dimensional harmonic trap
converge rapidly towards the many-body limit, for any
interaction strength [28]. Thus, this raises the question
of whether few-body correlations can similarly determine
the behavior of the three-dimensional unitary Fermi gas.
To investigate the relationship between the few- and
many-body systems at unitarity, we analyse data from
trapped systems of N equal-mass fermions, where N ≤
10. Unless otherwise specified, the results we quote arise
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2from calculations for the unitary harmonically trapped
Fermi gas. For a comprehensive review of few-body
physics in harmonic traps, we refer the reader to Ref. [29].
We focus on static quantities at zero temperature such as
the energy, the contact, and the squared wave-function
overlap with the non-interacting state. Furthermore, we
only consider the ground state of the system and we ig-
nore the behavior of the metastable repulsive branch,
such as the possibility of itinerant ferromagnetism [30].
We emphasize that our primary objective is not to pro-
vide precise predictions for the many-body properties of
the unitary Fermi gas. Rather, we will determine which
of these properties may be reasonably well described
within few-body calculations, and whether these prop-
erties converge quickly towards the many-body limit.
We also discuss how the squared wave-function overlap
between the unitary and non-interacting ground states
evolves with particle number N , and we calculate an up-
per bound for this overlap for general N .
The manuscript is organized as follows. In Section II
we review the fundamental properties of the uniform uni-
tary Fermi gas, focussing on equal spin populations and
large spin imbalance, and we introduce the local den-
sity approximation for trapped systems of particle num-
ber N  1. In Section III we show how one may ob-
tain surprisingly accurate predictions for the energy of
the unitary Fermi gas in the thermodynamic limit from
a knowledge of the energies of very few trapped atoms
(2 ≤ N ≤ 10). The related analysis presented in Section
IV once again leads to an extrapolated contact which lies
well within the range of the most recent theoretical and
experimental determinations. In Section V we consider
the overlaps between the non-interacting and strongly
interacting wave functions. Here we derive a rigorous
upper bound of this overlap and we determine a general
relationship between the overlap in the trapped system
and that in uniform space. We conclude in Section VI,
by presenting an outlook, and by summarizing our main
results.
II. THE UNITARY FERMI GAS
We begin our study of the unitary Fermi gas by consid-
ering the universal properties of the many-body system
with spin components σ =↑, ↓, where the total number of
fermions N = N↑ +N↓  1. To simplify the discussion,
we focus on the equal-mass case, where m↑ = m↓ ≡ m,
and we work in units where ~ = kB = 1.
For a uniform system at temperature T and in a vol-
ume V , the general equation of state for the total energy
E can be written as:
E =
3
5
k2F
2m
N β
(
T
EF
,
N↓
N↑
,
1
kFa
)
. (1)
Here, we assume thatN↓ ≤ N↑, without loss of generality,
and we define the Fermi momentum kF = (6pi
2N↑/V )1/3
and Fermi energy EF = k
2
F /2m. We neglect the micro-
scopic details of the interaction, such as the range r0,
since we are considering the regime of low-energy reso-
nant scattering, kF |r0|  1 and |r0|  |a|.
Taking the limits 1/a → 0 and T → 0, it is clear
that Eq. (1) becomes a universal function of the particle
numbers N↑, N↓. In particular, when the system is un-
polarized, i.e., N↑ = N↓, we obtain the universal Bertsch
parameter: ξ ≡ β(0, 1, 0) [3]. In the opposite limit of a
large spin polarization, N↓/N↑ → 0, we have β → 1.
One can fully characterize the universal thermodynam-
ics of the uniform unitary Fermi gas at zero temperature
from just three observables: the energy E, the contact
C = −4pim
(
∂E
∂a−1
)
N↑,N↓
, (2)
and the (inverse) spin susceptibility
χ−1s = V
(
∂2E
∂M2
)
N
, (3)
where the magnetization M = N↑ − N↓. In principle,
there are other static observables such as the compress-
ibility κ and the heat capacity KV , but KV → 0 in the
limit of zero temperature, while the compressibility is
simply related to the energy: κ−1 = 109
E
V . We will not
concern ourselves with dynamical (transport) quantities
like the viscosity [11–13] or conductivity. These also have
interesting symmetry properties, but are non-trivial to
extract from the few-body system.
A. Unpolarized gas
The behaviour of the unitary Fermi gas at zero tem-
perature simplifies considerably when N↑ = N↓. In this
case, the energy in Eq. (1) reduces to
E = ξ
3
5
k2F
2m
N ≡ ξE0, (4)
where E0 is the energy of the non-interacting system.
Thus, the thermodynamic quantities that directly follow
from Eq. (4) only depend on the particle density and the
Bertsch parameter. Since the ground state of the unpo-
larized system is a paired superfluid, another quantity
of interest is the pairing gap ∆. This is the minimum
energy required to add an unbound quasiparticle and is
thus a feature of the quasiparticle excitation spectrum.
The existence of such a gap results in an exponentially
vanishing spin susceptibility as T → 0 [31].
However, it is generally not straightforward to relate
the pairing gap in the trapped gas to that in the uni-
form system. While one can define an excitation gap for
having an unbound particle in the trapped system [29],
this extra particle becomes confined to the trap edge as
the number of particles N →∞. Thus, it will sensitively
depend on the system boundary and it cannot be con-
sidered a “bulk” property. Indeed, even experiments on
3trapped ultracold atomic gases must perform local radio-
frequency spectroscopy near the trap center in order to
extract the pairing gap for a uniform system [32].
To define a bulk pairing gap for the trapped gas, one
can analyse the spatially varying pairing field within
mean-field theory [33]. This analysis would suggest that
we have the local contact density C/V = m2(∆2 + U2)
at every point in the trap, where U is the Hartree energy
shift in the quasiparticle spectrum [34]. Using the ex-
perimental observation that U ≈ ∆ at unitarity [32], we
then obtain C/V ≈ 2m2∆2. Therefore, we will use the
contact as a measure of the pairing gap in the trapped
unitary system.
B. Limit of large spin polarization
When there is a small concentration of spin-↓ atoms,
x = N↓/N↑  1, the system can be described in terms of
dressed impurities, or “polarons”, immersed in an ideal
Fermi sea. Such polarons are weakly interacting quasi-
particles characterised by three parameters: the impurity
energy Epol at zero momentum, the effective mass m
∗,
and the residue Z (defined as the squared overlap be-
tween the interacting and non-interacting ground-state
wave functions). For a comprehensive survey of the vast
literature on Fermi polarons, we refer the reader to recent
reviews covering the subject [18, 19, 35].
These basic quasiparticle properties define the zero-
temperature equation of state for the polarized Fermi
gas, which takes the Landau-Pomeranchuk form [36, 37]
E =
3
5
EFN↑ +
(
Epol +
3
5
EF
m
m∗
x2/3
)
N↓ (5)
in the limit x  1. The terms on the right hand side
of Eq. (5) correspond to, respectively, the energy of the
unperturbed majority Fermi sea, the energy of the impu-
rities dressed by the majority atoms, and the Fermi pres-
sure associated with the finite concentration of dressed
impurities. At this level of approximation, the polarons
behave as ideal quasiparticles, since the interactions be-
tween polarons contribute only at order x to the system’s
energy [37].
From Eqs. (3) and (5), the spin susceptibility in this
limit is
χ = x1/3
6m∗
EFm
N↑
V
≡ m
∗
m
χ0, (6)
where χ0 is the spin susceptibility of the non-interacting
Fermi gas in the ground state. Thus, χ provides a direct
probe of the effective mass of the polaron.
In a uniform system, the quasiparticle properties can
be accurately described within a simple variational ap-
proach [38], where only a single particle-hole excitation
of the Fermi sea is included. Specifically, for a polaron
at zero momentum, the wave function within the one-
particle-hole (1PH) Ansatz reads
|ψ0〉 = φ0c†0↓|FS〉↑ +
k>kF∑
q<kF
φkqc
†
q−k↓c
†
k↑ cq↑ |FS〉↑, (7)
where cpσ annihilates a particle with spin σ and momen-
tum p, |FS〉↑ is the ground-state of the non-interacting
spin-↑ Fermi sea, and φ0, φkq are variational parameters.
Minimizing the total energy of the system leads to a self-
consistent equation of the form Epol = Σ(p = 0, Epol)
[38], which is formally equivalent to finding the real pole
of the dressed impurity Green’s function [39]
G↓(p, ω) =
1
ω − εp − Σ(p, ω) + i0+ . (8)
Here εp = p
2/2m, and Σ is the retarded impurity
self-energy computed within the T-matrix (or “forward-
scattering”) approximation, which at zero momentum is
given by
Σ(0, ω) =
∑
q<kF
[ m
4pia
−
∑
k>kF
(
1
ω − (εq−k + εk − εq) + i0+ +
m
k2
)]−1
. (9)
Using this approach, one finds Epol ≈ −0.61EF , Z ≈
0.78, and m∗ ≈ 1.17m. These values compare remark-
ably well with the results of state-of-the-art calculations:
Epol = −0.615EF , Z = 0.759, and m∗ = 1.197m [40–42].
The fact that one obtains such excellent results from
a simple Ansatz, which only accounts for two-body corre-
lations exactly, motivates us to analyze the quasiparticle
properties from the few-body limit.
C. Trapped system and the local density
approximation
To connect with the trapped few-body system, we must
consider the Fermi gas in the presence of an isotropic har-
monic potential V (r) = 12mω
2r2, where ω is the trapping
frequency. We implicitly assume that the harmonic oscil-
lator length aho ≡ 1/
√
mω is much larger than the range
|r0|, so that we remain in the unitary regime.
In the limit where the total number of particles N  1,
the local density approximation (LDA) holds [43] and we
may determine global quantities from averages over local
quantities in the trap, i.e., for a local observable F , we
have trapped observable F = 1V
∫
d3rF (µ(r)) [90]. Here,
we define the local chemical potential µ(r) = µ − V (r),
which is connected to the global chemical potential
µ =
∂E
∂N
, (10)
where E is the total energy of the trapped gas.
4For a trapped, non-interacting Fermi gas with balanced
spin populations, we have particle density
n(r) =
1
3pi2
(2m)3/2
(
µ− 1
2
mω2r2
)3/2
, (11)
thus giving the total number of particles
N = N↑ +N↓ =
∫
d3r n(r) =
µ3
3ω3
. (12)
Similarly to the uniform system, we can use the relation-
ship between particle number and µ in Eq. (12) to define
a Fermi momentum and Fermi energy:
κF = (48N↑)1/6a−1ho , εF = κ
2
F /2m. (13)
These quantities are equivalent to the local Fermi mo-
mentum and Fermi energy at the center of the trap.
From Eq. (10), we find the energy of the non-
interacting trapped system to be
E0 =
∫ N
0
dN ′µ(N ′) =
ω
4
(3N)4/3 = 2E0↑ (14)
where the energy of the spin-↑ component is given by:
E0↑ = ω
8
(6N↑)4/3. (15)
Note that one cannot directly average the energy over
the trap, since it is not a function of the local chemical
potential. However, one can perform a trap average on
the thermodynamic potential Ω(µ, h) = E − µN − hM ,
where h is an effective Zeeman field.
In the presence of interactions, the contact of the
trapped system is [29]
C = −4pim
(
∂E
∂a−1
)
N↑,N↓
, (16)
which is equivalent to a trap averaged contact within
LDA since we can write
C = −4pim
V
∫
d3r
∂Ω(µ(r), h)
∂a−1
=
∫
d3r
C(µ(r))
V
. (17)
Here, we have used the fact that the contact can be de-
fined from either E or Ω [44].
For the unitary unpolarized Fermi gas, we see from
Eq. (4) that we must simply replace µ(r) by ξ−1µ(r) in
Eq. (11), thus giving
N =
µ3
3ω3ξ3/2
, E =
√
ξ E0. (18)
Furthermore, the dimensionless trap averaged contact
is [45, 46]
C
NκF
=
256
105piξ1/4
(
C
NkF
)
, (19)
where the dimensionless contact for the unpolarized uni-
form system at unitarity is given by
C
NkF
= −6pi
5
∂β(0, 1, y)
∂y
∣∣∣∣
y=0
. (20)
FIG. 1: Bertsch parameter of a balanced unitary Fermi gas
calculated according to Eq. (21) (filled circles), using the en-
ergies for N trapped fermions reported in Refs. [47, 48]. The
error bars resulting from uncertainty in the few-body energies
are smaller than the symbol sizes. The darker circles indicate
closed shells of the corresponding non-interacting problem in
the harmonic oscillator. The diamond shows the experimen-
tal data point [9], which has an error bar smaller than the
symbol size.
III. ENERGY AND THE BERTSCH
PARAMETER
The energy of a few harmonically trapped fermions in
the unitary limit has been accurately predicted in a series
of works, starting with the exact solution by Busch et al.
for the two-spin ↑↓ problem [47]. Here, it was shown that
the energy at unitarity is exactly 2ω; that is, interactions
have reduced the energy from its value of 3ω in the limit
of weak attractive interactions, 1/a→ −∞. This reduc-
tion of the total energy upon approaching unitarity is a
generic feature, which is reflected in the Bertsch param-
eter of the unpolarized many-body system, and in the
polaron energy, as we discuss in this section.
In the following, we focus on data for the ground-state
energy from precise few-body calculations [21, 47–53].
This presents an alternative angle to more intensive nu-
merical studies of many trapped particles in the spin-
balanced case [54–61] and for large spin polarizations [62].
In the limit N  1, we know from LDA that the
Bertsch parameter relates the energy of the unitary Fermi
gas to that of the non-interacting system through
√
ξ =
E/E0 — see Eq. (18). In order to minimize shell effects for
smaller N , it is convenient to think of the Bertsch param-
eter as arising from an interaction energy shift compared
with the non-interacting limit 1/a → −∞. That is, we
measure the energy at unitarity with respect to the exact
non-interacting energy ENI of the few-body system. We
then normalize this shift by the non-interacting energy
(14) calculated within LDA, as this does not contain any
5shell effects. In this manner, we modify Eq. (18) to give
ξ = [1 + (E − ENI)/E0]2 , (21)
which, of course, converges to Eq. (18) when N →∞.
The result of our analysis is shown in Fig. 1. We see
that the Bertsch parameter obtained within few-body
calculations yields a value that is remarkably close to
(within 15% of) the value reported in experiment [9]
ξ = 0.376(4), (22)
and corroborated by QMC calculations [63]. Even the
simplest result, given by the exact two-body solution,
has a relative error of only about 7%, further supporting
the central idea that the Bertsch parameter is primarily
determined by two-body correlations in the gas.
Let us now turn to the high polarization limit, where
N↓ = 1. In this case, the interaction energy shift at
unitarity can be related to the polaron energy in uni-
form space. Most notably, it has been predicted both in
3D [62] and in 1D [64] that the trapped density distri-
bution of the impurity in the many-body limit is almost
unaffected by strong interactions. In other words, the im-
purity is always confined to the center of the trap, even
in the presence of a medium. Consequently, we expect
that the polaron interaction energy is proportional to the
chemical potential of the majority fermions at the center
of the trap, i.e.,
Epol = E − ENI = −AεF , (23)
where we again use ENI as the exact energy of the non-
interacting system. The coefficient of proportionality A
should asymptote towards the same value as in the uni-
form system, Epol = −0.615EF [42].
In Fig. 2, we show the polaron energy obtained in this
manner from few-body calculations of the energy. The
figure explicitly shows that only very few spin-↑ particles
are needed to obtain an approximate value of the po-
laron energy. In particular, from the exact solution of the
two-body problem, we find Epol = −6−1/3εF ≈ −0.55εF
which has a relative error of only about 10% compared
with the N↑ →∞ limit. We note that a related analysis
was carried out by D. Blume [62].
The few-body results for the ground-state energy also
allow us to estimate the polaron effective mass [36].
Within LDA, the effective trapping potential experienced
by the polaron is approximately [65]
Veff(r) =
1
2
mω2r2 −Aµ(r) = 1
2
m(1 +A)ω2r2 −AεF ,
and thus the ground-state energy of a particle of mass m∗
takes the form 32
√
m
m∗ (1 +A)ω−AεF . Using the relation
between the Fermi energy and the particle number in
Eq. (13), we thus arrive at
Epol
εF
= −A+ 3
2
√
m
m∗
(1 +A)(6N↑)−1/3. (24)
FIG. 2: Polaron energy (circles) in units of the local spin-↑
Fermi energy at the center of the trap as a function of particle
number N↑. The darker circles indicate closed shells. In the
many-body limit of N↑ →∞, the polaron energy is expected
to approach the uniform system result, Epol = −0.615EF
[42], indicated as a diamond. The few-body results are taken
from Refs. [21, 47, 49, 51]. The straight line is a fit to the
data points for 2–4 majority particles using the form Eq. (24),
keeping the known coefficient in the many-body limit fixed to
A = 0.615.
This demonstrates that the leading order correction to
the N↑ →∞ limit for the polaron energy goes like N−1/3↑
in the trapped system, as illustrated in Fig. 2. By fitting
Eq. (24) to the data (see Fig. 2), we obtain an effec-
tive polaron mass of m∗ = 1.26m, which is in reasonable
agreement with the result of QMC calculations, where
m∗ = 1.197m [42].
IV. CONTACT
A quantity that is naturally associated with two-body
physics is the contact [66, 67]. As defined in Eq. (2), it is
intrinsically a thermodynamic quantity. However, it can
also be related to the probability of finding two particles
at a separation much less than the average interparti-
cle spacing, C = 16pi2 limr→0 r2 〈n↓(r/2)n↑(r/2)〉, with
nσ(r) the density of spin σ particles at position r [68].
This expression exposes the two-body nature of the con-
tact, even in a medium, and we now investigate how few-
body results for the contact compare with the many-body
limit.
In the harmonically trapped system at unitarity, we
may again obtain the contact analytically for the two-
body problem from the exact solution [47], yielding C =
4pi
√
2/pia−1ho . For larger spin-balanced gases, the trap
averaged contact has been computed in few-body calcu-
lations in Ref. [48]. These results may be related to the
contact in uniform space by applying the LDA — see
Eq. (19).
In Fig. 3, we show the resulting contact converted
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���������
����
FIG. 3: Contact of the unpolarized unitary Fermi gas with
N particles. The few-body results [47, 48] are indicated by
circles, where the darker circles denote closed shells. The
experimental points (diamonds) are from Refs. [7, 46, 69].
The light green shading indicates the region of various recent
theoretical results [46, 70–74].
to the uniform system. We see that the few-body re-
sults compare well with recent low-temperature mea-
surements: Experiments at the ENS found C/(NkF ) =
3.51 ± 0.19 [7, 68], while the Swinburne group mea-
sured C/(NkF ) = 3.09 ± 0.08 [46]. At a somewhat
higher temperature (T ∼ 0.16TF ), the JILA group found
C/(NkF ) ≈ 2.6± 0.15 [69]. We also note that numerous
authors have evaluated the contact theoretically, finding
values of C/(NkF ) ranging from 3.01 to 3.40 [46, 70–74]
(see, e.g., Ref. [74] for an extensive review). These values
are all compatible with the few-body results.
From our results for the contact, we can also esti-
mate the value of the pairing gap using the expression
C/V ≈ 2m2∆2 from Sec. II A. Taking C/(kFN) ≈ 3 in
the many-body limit, we obtain ∆/EF ≈
√
2/pi2 ≈ 0.45,
which compares remarkably well with the experimentally
determined value of ∆/EF ≈ 0.44 [32]. While this is cer-
tainly not a formal proof, it does raise the question of
whether the contact at unitarity is intimately connected
to the pairing gap.
Turning now to the polaron limit, we again take advan-
tage of how the impurity is primarily located at the center
of the trap. Therefore, in this case, we derive the uni-
form contact by simply equating the local Fermi momen-
tum κF at the center of the trap with its uniform space
counterpart, kF . Moreover, from Eq. (24), we see that
the leading order correction to the many-body limit once
again scales as N
−1/3
↑ in the trapped system. In Fig. 4 we
show the results of few-body calculations for the trapped
contact [75], where we have converted the results using
the relation between κF and the majority particle num-
ber, Eq. (13). We see that the few-body contact takes
values ranging between 4κF and 6κF . In this case, the
contact has not been measured experimentally, however,
it has been calculated within the ansatz described in Sec-
FIG. 4: Contact of a single ↓ impurity in a gas with N↑
majority fermions. The few-body results [47–49, 75, 76] are
marked with circles, the darker circles corresponding to closed
shells. The diamond indicates the thermodynamic result in
uniform space obtained from the 1PH Ansatz [77].
tion II B to be C = 4.74kF [77]. Given that this ansatz
produces very reliable results for the other quasiparticle
parameters, there is no a priori reason to believe that
this result is inaccurate. The agreement with the results
from the harmonically trapped few-body calculation is
also quite reasonable.
V. WAVE-FUNCTION OVERLAPS
The squared wave-function overlap between a strongly
interacting state and its non-interacting counterpart is an
important quantity in many-body physics. For instance,
in the case of the polaron, this overlap gives its quasi-
particle weight, or residue. The overlap can be measured
in Rabi oscillations as a shift of the oscillation frequency
[78–80]. While the polaron residue of the N↑+1 system (a
system of N↑ spin ↑ fermions and one spin ↓ impurity) in
the many-body limit N↑ →∞ has been actively studied
both experimentally [78, 80, 81] and theoretically [77], it
is still an open question how the polaron residue can be
understood from a few-body perspective.
For two-particle systems, the “residue” of the ground-
state wave function at unitarity is obtained analytically
as
Z =
3
4
(uniform); Z = 2
pi
' 0.64 (trap). (25)
The uniform system result can be calculated by noting
that the relative wave function of two non-interacting
particles at zero energy is a constant, while for two par-
ticles at unitarity it is proportional to 1/r. In a large
sphere of volume V = 4piL3/3, we then find The trapped
result in Eq. (25) can be similarly obtained from the an-
alytic solution of the two-body problem in a harmonic
7trap [47]. However, such exact calculations will be ex-
ponentially more challenging as the number of particles
increases.
In this section, we use a hyper-spherical coordinates
method to study the squared overlap between the ground
state wave function of the unitary Fermi gas and its non-
interacting counterpart in a harmonic trap as well as in a
uniform system. We present a general formalism to cal-
culate it for arbitrary particle numbers based on the sep-
arability of the hyper-radial and hyper-angular parts of
the wave functions in the unitary and non-interacting sys-
tems. We derive a rigorous upper bound of the squared
overlap, Z> ≥ Z, as a function of the energy of the
trapped unitary and non-interacting systems. We evalu-
ate this for systems with N↑, N↓ . 5 using energies of the
few-body unitary Fermi gas in a harmonic trap [21, 48],
and then extend the calculation to N  1 using LDA.
We find that our rigorous upper bound for the polaron
system approaches Z> → 1 as N↑ →∞ for both trapped
and uniform systems and thus does not actually provide
a bound. On the other hand, the upper bound decreases
exponentially, approaching Z> → 0 for a trapped bal-
anced system, dictating that the squared overlap must
vanish in the many-body limit in the trap. Conversely,
we find that it approaches a finite value Z> → 0.942... in
the uniform system.
A. Hyper-spherical method to evaluate the
squared overlap of the wave functions
1. Harmonically trapped systems
For any N↓+N↑ system in an isotropic harmonic trap
with unitary zero-range interactions, the wave function
of N particles at positions ri, i = 1, · · · , N , separates
into center-of-mass, hyper-radial, and hyper-angular mo-
tions [12]:
Ψ = ψCM(RCM)
Fs(R)
R
3N−4
2
Φs(Ω). (26)
Here, RCM =
1
N
∑N
i=1 ri is the center-of-mass coordi-
nate, R2 =
∑N
i=1(ri − RCM)2 is the (squared) hyper
radius describing the overall size of the N -body system,
and Ω denotes a set of (3N−4)-dimensional hyperangles,
describing rotation and deformation degrees of freedom.
The hyper-radial equation takes the form[
− 1
2m
d2
dR2
+
s2 − 14
2mR2
+
mω2R2
2
]
Fs(R)=(E−ECM)Fs(R),
(27)
where ECM is the energy of the center-of-mass motion,
and s2 is the hyper-angular eigenvalue obtained by solv-
ing the hyper-angular equation. The separability of the
hyper-radial and hyper-angular equations originates from
the SO(2,1) dynamical symmetry associated with the
scale invariance of the unitary system in an isotropic har-
monic trap [12], and it does not generally hold for other
confining potentials, e.g., an anisotropic trap or a box-
shaped trap [82].
For the equal-mass unitary two-component Fermi sys-
tem, it is believed that the hyper-angular eigenvalue is
positive s2 > 0, and the Efimov effect [4, 83–88] does
not occur for any number of particles. Though this has
not been generally proved, it has been shown numeri-
cally for N↑, N↓ . 5 [21, 48] and mathematically for the
N↑+1 system with any N↑ [89]. Regular solutions of the
hyper-radial equation for s2 > 0 are obtained as [49]:
Fs(R) = Rs+ 12 e
− R2
2a2
ho L(s)q
(
R2
a2ho
)
, (28)
where L
(s)
q is the generalized Laguerre polynomial, and
q = 0, 1, 2.... is a quantum number characterizing the
SO(2,1) ladder of the trapped energy spectrum: E −
ECM = (s + 2q + 1)ω. We focus on the ground state
q = 0, which simplifies the above wave function since
L
(s)
q=0 = 1.
We note that the wave function and energy of the non-
interacting system have the same form as those of the
unitary system in Eqs. (26,28). The only difference is the
change in the hyper-angular eigenvalue s→ s0, which is
related to the non-interacting energy ENI via ENI−ECM =
(s0 + 2q + 1)ω.
Using separability and the similarity of the wave
functions of the unitary and non-interacting sys-
tems in the trap, and rewriting
∫ ∏N
i=1 d
3ri =∫
d3RCMR
3N−4dRdΩ, the squared wave-function over-
lap between unitary and non-interacting ground states
reads
Z = I
2
s,s0
Is,sIs0,s0
|〈Φs0 |Φs〉|2
〈Φs0 |Φs0〉〈Φs|Φs〉
. (29)
Here
Is1,s2 =
∫
dRFs1(R)Fs2(R) =
as1+s2+2ho
2
Γ
(
s1+s2
2 + 1
)
,
(30)
〈Φs1 |Φs2〉 =
∫
dΩ Φ∗s1(Ω)Φs2(Ω), and we have assumed
that the non-interacting and unitary systems are in the
same center-of-mass motion state. We note that Eq. (29)
holds rigorously for any number of particles, few-body
or many-body, and any population imbalance for equal-
mass two-component Fermi systems. Since the deriva-
tion relies only on the separability of the wave function,
a similar result can be obtained, with properly defined
mass-scaled Jacobi coordinates and hyper-radius [84, 86],
for any other scale-invariant few-body or many-body sys-
tems [91]
From Eq. (29) we can derive a rigorous upper bound,
i.e., Z> ≥ Z, for the squared overlap of the wave func-
tions [92]:
Z> =
[
Γ
(
s0+s
2 + 1
)]2
Γ (s+ 1) Γ (s0 + 1)
. (31)
8Physically, Z> represents the overall spatial overlap of
the hyper-radial part of the two wave functions. Indeed,
if the energy difference between the non-interacting and
unitary systems is large, their sizes, characterized by the
Rs+
1
2 term in Eq. (28), become substantially different,
rendering Z> small. We can compute the upper bound
Z> once we know the energy eigenvalues for the unitary
and non-interacting harmonically trapped system. How-
ever, note that it totally dismisses few- and many-body
correlations appearing in the hyper-angular wave func-
tions.
2. Uniform systems
Interestingly, the hyper-angular equation is the same
for the harmonically trapped system and the uniform sys-
tem, so that they possess the same hyper-angular func-
tions and eigenvalues as those of the trapped systems [12].
The hyper-radial and hyper-angular parts are also sepa-
rable. The only difference between the trapped and uni-
form systems is that the hyper-radial part Fs(R) now sat-
isfies Eq. (27) at ω = 0. The hyper-radial wave function
which is regular at R → 0 is then Fs(R) ∝
√
RJs(kR)
where Jn is the Bessel function, and k
2 = 2m(E−ECM).
At zero energy, in particular, it becomes Fs(R) = R
s+ 12 .
Similarly to the trapped system, the squared wave-
function overlap for the uniform system at zero energy
is
Z =
I2s,s0
Is,sIs0,s0
|〈Φs0 |Φs〉|2
〈Φs0 |Φs0〉〈Φs|Φs〉
, (32)
where
Is1,s2 =
∫
dRFs1(R)Fs2(R) =
∫
dRRs1+s2+1. (33)
This integral is formally divergent at large R but this
is compensated by the same divergence appearing in the
denominator in Eq. (32). We thus relate the squared
overlap of the unitary and non-interacting ground state
wave functions in the uniform (Z) and trapped (Z) sys-
tems:
Z =
Γ (s+ 2) Γ (s0 + 2)[
Γ
(
s0+s
2 + 2
)]2 Z. (34)
Importantly, this exact relation enables us to extract the
uniform space result from only the energy (corresponding
to s) and the harmonic trap overlap. We emphasize that
the above arguments and results are valid for any number
of particles, for both few- and many-body systems, in
marked contrast to LDA, which is valid only for systems
with large number of particles.
From Eq (34), one also finds the upper limit of Z for
the uniform system, Z> ≥ Z, where
Z> =
4(s+ 1)(s0 + 1)
(s+ s0 + 2)2
=
Γ (s+ 2) Γ (s0 + 2)[
Γ
(
s0+s
2 + 2
)]2 Z>. (35)
FIG. 5: Upper limit of the polaron residue for the trapped
(yellow) and uniform systems (blue), as a function of the
number of majority particles N↑. The circles represent the
few-body results in Eqs. (31,35) evaluated with the energies
calculated in Refs. [21, 48, 51]. The error bars are smaller
than the symbol sizes. The solid curves are the many-body
result in Eqs. (36,37). For N↑ → ∞, the polaron residue in
the uniform system Zpol = 0.759 [42] is indicated as a blue
diamond. For the upper bound curve we have used the con-
stants m∗/m = 1.198 and A = 0.615 [40–42].
B. Applications to few- and many-body systems
1. Polaron residue in the limit of large spin imbalance
We now apply our hyperspherical approach to evaluate
the upper bound for the polaron residue at unitarity. To
this end, we use the energy of the trapped N↑ + 1 Fermi
system at large N↑: E = E0↑ − Aµ + 32ω
√
m
m∗ (1 +A)
— see the discussion in Sec. III. Here we take into ac-
count the correction to the LDA [29] for both the non-
interacting energy, E0↑ = ω8 (6N↑)4/3
[
1 + 12 (6N↑)
−2/3],
and the chemical potential µ = ∂E0↑/∂N↑. From the po-
laron energy, or rather from (s0 + 1)ω = E0↑ − 32ω and
(s + 1)ω = E − 32ω, one can evaluate the upper bound
of its residue. Using Eq. (31) together with the Stirling
formula for the Gamma function, we obtain
Z> = 1− 2
1
3A2
(3N↑)
2
3
+
A
N↑
[√
m
m∗ (1 +A)− 1
]
+O
(
N
− 43
↑
)
(36)
and
Z> = 1− 4A
2
9N2↑
+
2
5
3A
3
4
3N
7
3
↑
[√
m
m∗ (1 +A)− 1
]
+O
(
N
− 83
↑
)
(37)
for the trapped and uniform systems, respectively.
In Fig. 5 we show these N↑  1 upper bounds for the
polaron (solid lines), together with few-body results (cir-
cles) obtained from Eqs. (31,35) and few-body data. We
see that these calculations match quite well for interme-
diate N↑. We note that for two-body systems (right-most
9circles), our upper bounds are in fact equal to the exact
values in Eq. (25). Quite remarkably, the exact residue
of 3/4 from the two-body problem in uniform space is
very close to the expected many-body limit of Z = 0.759
[42]. It will be of interest to determine whether this close
agreement between the few- and many-body limits holds
for intermediate particle numbers. From Eq. (34), we fur-
ther conclude that the polaron residues in both the uni-
form and the trapped systems approach the same value
in the many-body limit, which is consistent with the ex-
pectation that the impurity is primarily located at the
center of the trap.
2. Unpolarized many-body system
The energy of the trapped unitary system is char-
acterized by the Bertsch parameter via E = 2√ξE0↑,
from which one finds (s + 1)ω = 2
√
ξE0↑ − 32ω and
(s0 + 1)ω = 2E0↑ − 32ω. Substituting these values into
Eq. (31), we find the upper bound in the trap
Z> = exp
[
−dξN4/3
(
1 +
(3N)−2/3
2
)
+O (1)
]
(38)
where
dξ =
3
4
3
4
[
(1 +
√
ξ) log
(
2
1+
√
ξ
)
+
√
ξ log
√
ξ
]
' 0.0506.
and we have used the Bertsch parameter in Eq. (22).
Similarly, we find the upper bound for a uniform system
Z> =
4
√
ξ
(1 +
√
ξ)2
+O(N−
4
3 ) ' 0.942 +O(N− 43 ). (39)
The upper bounds for the many-body squared overlaps
are shown in Fig. 6 as solid lines, together with results
from few-body physics (circles). Once again, we see that
the few- and many-body physics agree well for interme-
diate particle numbers. We emphasize that our results
are strict upper bounds, and they thus prove that the
trapped ground state at unitarity has zero overlap with
its non-interacting counterpart in the many-body limit.
On the other hand, the upper bound Z> remains finite
for the uniform system, which implies that the hyper-
angular component dominates the behaviour of the over-
lap for large N in this case.
VI. CONCLUSIONS AND OUTLOOK
In this topical review paper, we have revisited the
ground-state properties of the unitary Fermi gas from
the perspective of few-body physics. From the energies
of unpolarized trapped few-body systems, we found that
we could extract values for the Bertsch parameter that
all lie within 15% of that obtained from precision exper-
iments [9]. Indeed, the simplest two-body result only de-
viated from the established value by 7%, lending weight
FIG. 6: Upper limit of the squared overlap between the inter-
acting and non-interacting ground states for the spin-balanced
system in a trap (yellow) and in uniform space (blue). The
circles represent the few-body results in Eqs. (31,35) evalu-
ated with the energies calculated in Refs. [21, 48], and the
solid curves are the many-body results in Eqs. (38,39). The
error bars resulting from uncertainty in the few-body energies
are smaller than the symbol sizes.
to the idea that the Bertsch parameter is primarily de-
termined by two-body correlations. In the limit of large
spin imbalance, we observed a similar accuracy for the
polaron energy at unitarity, and we determined its de-
pendence on spin-↑ particle number for N↑  1. Fur-
thermore, we could obtain a reasonable estimate for the
polaron’s effective mass by fitting the energy as a func-
tion of N↑.
We also investigated the contact, another key thermo-
dynamic quantity that characterizes the unitary Fermi
system. We found that the few-body results for the un-
polarized system converged particularly rapidly, with the
values for the contact lying well within the range of re-
sults determined in the literature for the many-body sys-
tem. We could also extract a pairing gap from the contact
that was consistent with the experimentally determined
value [32]. It is thus conceivable that the pairing gap is
intimately related to the contact in the unitary ground
state.
Finally, we analyzed the squared wave-function overlap
between the ground state of the unitary Fermi system and
its non-interacting counterpart. Here, we showed that
the overlap for the two-body system in uniform space
is remarkably close to the predicted polaron residue in
the many-body limit. We also derived a rigorous upper
bound of the squared overlap for both the trapped and
uniform systems. Using this, we proved that the trapped
unpolarized ground state at unitarity has zero overlap
with the non-interacting state in the many-body limit.
The successful use of few-body systems to infer many-
body properties suggests that the unitary equation of
state at zero temperature is dominated by few-body cor-
relations. Thus, a natural question is whether this gener-
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ally holds for a range of systems or whether it is specific
to the unitary Fermi gas. In particular, is this behavior
generic for any scattering length? Are Fermi statistics
required and/or is it necessary to have interactions that
are sufficiently short ranged? Could the harmonic trap-
ping potential commonly used in few-body calculations
be particularly beneficial in minimizing finite-size effects?
Finally, it would be interesting to investigate whether
there are any other observables at zero temperature (e.g.,
dynamical quantities) which cannot be captured within
the few-body framework.
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